
Circles and Triangles 

We are still working in Neutral Geometry for a time.

Definition: A circle that contains all three vertices of a triangle is said
to circumscribe the triangle.  The circle is called the circumcircle and
its center is the circumcenter.  We say the triangle can be
circumscribed.

Theorem: A triangle can be circumscribed if and only if the
perpendicular bisectors of the sides are concurrent.  

~ Suppose the perpendicular bisectors of the sides of are
concurrent at a point P.  Since P is on the perpendicular bisector of

it is equidistant from both A and B.  Because it is is on the

perpendicular bisector of it is equidistant from both B and C. 
Thus, PA = PB = PC, and so A, B, and C all lie on a circle with center
P and radius PA.

Conversely, suppose is circumscribed by a circle with center P
and radius r.   Since P is equidistant from A and B, it is on the

perpendicular bisector of .  Similarly, P is on the perpendicular

bisectors of and .  Thus the three perpendicular bisectors are
all concurrent at P.  �

Theorem: If the Euclidean Parallel Postulate holds, every triangle can
be circumscribed.  

~ Assume the Euclidean Parallel Postulate holds, and let be a

triangle.  Let l and m be the perpendicular bisectors of sides and

, respectively.  Recall that a statement equivalent to the EPP is the

following: If , then either . 

Applying it to this situation, if l and m are parallel, then either

or .  Since neither of these can be true in

, l cannot be parallel to m and so they must meet at a point P. 
Thus P is equidistant from A, B, and C and so must also lie on the

perpendicular bisector of .  Thus the three perpendicular bisectors

are concurrent, and by the previous theorem, can be
circumscribed. ~



Theorem: If the Euclidean Parallel Postulate does not hold, then there
is a triangle that cannot be circumscribed.  

~ If the Euclidean Parallel Postulate does not hold, Saccheri
quadrilaterals are not rectangles.  Let QABCD be a Saccheri

quadrilateral with base and summit .  Let M and N be the
midpoints of the base and summit, respectively, and consider segment

.  Recall that is the perpendicular bisector of both summit
and base, and that MN < AD = BC.  Find a point E with M*N*E such
that ME = AD = BC.  

Form segments and .  We claim that cannot be
circumscribed.  Note that QAMED and QBMEC are both Saccheri

quadrilaterals, with bases and  and with summits and

.  Then we can find the midpoints H, I, F, and G, respectively, of

these fours segments.  The lines containing segments and are

the perpendicular bisectors of and , but since they are both

perpendicular to they are parallel and so do not intersect. 

Therefore, since the perpendicular bisectors of two sides of do
not intersect, the triangle cannot be circumscribed. �



 The past two theorems taken together demonstrate that the statment
“Every triangle can be circumscribed” is equivalent to the Euclidean
Parallel Postulate.  However, it is a theorem of neutral geometry that
every triangle has an inscribed triangle, as we now prove.

Definition: Given a triangle , a circle is said to be inscribed 

in if each of the segments , , and is tangent to
the circle.  The center of the circle is called the incenter of the triangle. 

Lemma: Each point on the bisector of an angle is equidistant from the
sides of the angle.

~ Given an angle pABC, let be an angle bisector and E a point

on .  Drop perpendiculars from E to each of and , and

call the feet F and G, respectively.  By AAS, , and
by CPCF, EF = EG.  �

Lemma: Given an angle pABC, if an interior point is equidistant from
each side of the angle, then it lies on the angle bisector.

~ Suppose E is interior to pABC and is equidistant from the sides. 

Drop perpendiculars from E to each of and , and call the feet

F and G, respectively.  Then by HL,  , and by CPCF,

.  Thus is the angle bisector.  �

Note: These two lemmas essentially say that the bisector of an angle is
the set of all points equidistant from the sides.



Theorem: The three angle bisectors of any triangle are
concurrent.

~ Given and let be the bisector of pA.  By crossbar,

will intersect at some point E.  Then, again by crossbar, the

bisector of pB will intersect  at some point F.  By the above
lemmas, F is equidistant from the three sides of the triangle, and so
must also lie on the bisector of pC.  Thus the three bisectors are
concurrent at point F.  �

Theorem: Every triangle has an inscribed circle. 

~ Given , we know that the three angle bisectors meet at a
point F.  Drop perpendiculars to the three sides with feet X, Y, and Z. 
By the previous lemmas, FX = FY = FZ.  Thus X, Y, and Z all lie on a
circle of radius FX with center F.  Moreover, since the three radii

, , and meet the sides at right angles, the sides are
tangent to the circle.  �
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